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Simple pendulum
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The simple pendulum consists of a point mass, m, at the end of a light (no mass)
inextensible (unstretchable) cord of length, L as shown opposite.
At some displacement y from the vertical position, the angle of the cord to the vertical is 6.

-

Since y is measured along the arc, y =L6 hence 6 = { , where @ is in radians.

Consider the forces on the bob: the tension T in the cord and the weight mg, as shown.

In the direction along the cord T = mgcosé and these forces balance each other.

In the direction perpendicular to the cord there is no component of the tension. T
The only force is the component of the weight, F = mg sin@. This provides the restoring force.

Since F = ma then ma = -mgsin@ (Fand @ are in opposite directions, hence the negative sign!) i
mg sin

hence a = -gé providing @ is small, since for small angles sin 6 = 8 (i radians)
. y
a= -g{ since 6 = I mg mg cos®
iie. a=- izy which is the definition of SHM. (a=-ky)

Hence we can apply the SHM equation, a = -w? y, which gives w? =iL7

2n [L This equati i

_ 2n _ [ quation only applies for small amplitudes,
T= hence T = 2z |— due to the assumption above that 8 is small.
w Vg

Note: a derivation may indicate possible restrictions
or assumptions. For example, with the pendulum
establish SHM by showing the restoring force F o -y the angle of swing must be small or the equation

find the acceleration a by applying F = ma does not apply. It was also assumed that the cord
equate a to - w? y to find w did not 'stretch’ and the mass was small (a ‘point' mass).

. . _ 2n
find the period Tusing T = w -

This derivation is given as an example of applying the SHM equations:

ft
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SHM - kinetic and potential energy
e

The kinetic energy of a particle moving with simple harmonic motion is derived below. yim
1 1 ’ 1
Ex=—-mv? =~ m[: w,/ A? -yﬂ giving Ex = 5 mw? (A?-y?)

| A

Note: Ei is a maximum when y = 0, that is at the mid-position, Exmag = —mw?A% o
N 0

The minimum Eymin) = 0 is at the extreme positions wheny = =A.
The potential energy E; = 0 at the mid-position, and is a maximum at the extreme positions. .

The TOTAL energy is constant: Ex + E, = %msz2 + 0 atthe mid position.

Thus the total energy at ANY position is é mw?A? = Ex + Ep

hence at any position l‘muu?A2 =l‘ mw?(A? - y?) + E,

giving the potential energy

The graphs below show the variation of kinetic energy and potential energy with displacement, y.

Energy / J

.......................................... Total energy = £ + £ = 1murAt
Notice that the TOTAL energy
at any point is always the
same.

1
Ec = 3m wi(A?-y7)

displacement / m

R * ’ ’ =)
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Damping

A mass is suspended from a spring. When it is pulled down and released it starts oscillating. A graph of displacement
against time is plotted. (Click play) Note that the amplitude of the oscillations decreases slowly with time and eventually
the oscillations would cease. This is due to RESISTIVE FORCES which oppose the
¥ damped motion and dissipate energy. y undamped

water The decrease in amplitude is called damping.
Y

In an ideal world there would be no resistive forces and no energy loss.
The oscillations would continue forever and the amplitude would remain the same.
Such oscillations are called UNDAMPED. (Click play.) (Compare with previous oscillations.)

o
-~

A loaded test-tube is floated in water. It is pushed down and released so that it starts
o 0 oscillating. The water resistance produces damping.

y| oil The same experiment is carried out with the tube floating in oil. Note that the oil
produces more damping than the water.

With damped oscillations, the:

e amplitude decays exponentially

e period increases very slightly (Look closely where the graphs cross the time axis.)
0 0 e greater the damping, the quicker the ampltude decays.

<= D

o
-
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Simple Harmonic Motion - Summary

In simple harmonic motionthe  force is proportionaltothe.  and acts
inthe.  direction.

The acceleration, a, of an object executing|  is given by a = - w?y, where yis the
displacement of the object from the|  position.

wisthe frequency, measuredinrads?'. The| equals2n/w

With SHM the acceleration is|  constant. The accelerationisa/  atthe extreme
ends of the motion.

In simple harmonic motionthe | = tw,A2-)2.
The equation E = { m w?y? givesthel  energy for the object at position y.

When the amplitude of the simple harmonic motion decreases, this is called .
Thisisdueto.  forces which resultin the loss of .

rest velocity SHM unbalanced energy displacement angular

potential not opposite maximum  dissipative  damping period

Glick and drag the words There are 14 blanks in this summary. 0
Into the correct space.
@ You have correctly completed -
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Simple Harmonic Motion - Summary

In simple harmonic motion the unbalanced force is proportional to the displacement and acts
in the opposite direction.

The acceleration, a, of an object executing SHM is given by a =- w?y, where y is the
displacement of the object from the rest position.

w is the angular frequency, measured in rad s'. The period equals 2 7 /w

With SHM the acceleration is not constant. The acceleration is a maximum at the extreme
ends of the motion.

In simple harmonic motion the velocity = * w\/A2-)2.
The equation E= % m w?y? gives the potential energy for the object at position y.
When the amplitude of the simple harmonic motion decreases, this is called damping.

This is due to dissipative forces which result in the loss of energy.

Click and drag the words There are 14 blanks in this summary. 14
into the correct space.
@ You have correctly completed -
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Simple harmonic motion - introduction

When a mass oscillates, energy is continually being transformed between potential energy and kinetic energy. The

oscillating mass moves in one direction but a 'restoring’ force tries to move it back to its rest position.

In SIMPLE HARMONIC MOTION (SHM) there is always an unbalanced force acting on the mass, in the opposite direction

to the displacement.

The simple pendulum

Let us consider some examples. N .
swings from side to

With the simple pendulum, kinetic energy of the bob is transferred side. The restoring
to gravitational potential energy. force acts towards the
The restoring force is largest when the bob is furthest from the ‘rest’ position'.

‘rest’ position. The force Fincreases as the bob is displaced.

For the trolley on the springs, kinetic

energy is transferred into elastic P

potential energy in the spring. F The trolley on the springs

On both sides, the restoring —> oscillates from side to side.

force is largest when the trolley The restoring force acts

is furthest to the left or right. towards the rest position of
- — the trolley.

In simple harmonic motion (SHM), the restoring force (and acceleration) is proportional to the displacement of
the object from its rest position and is opposite in direction.

F =y and F=-ky where F is the restoring force in N
y is the displacement in m
Notice the negative sign. k is the force constant in N m-!

F and y are in opposing directions!

é Both F and y are vector quantities. @
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Equations for simple harmonic motion

For simple harmonic motion it is conventional to use 'y’ for the displacement from the rest position. O

Hence the definition of SHM gives F = -yand F=-ky. Remember the negative sign!

o
Since F = ma md—g o -y and% o -y since the mass, m, is constant.
&y

Hence we can state a definition of SHM in terms of ra and y.

ivi o
Giving where dl:, and a are the acceleration at time tin m s2
&y y is the displacement from the rest position at time tin m

w is the angular frequency in rad s

The constant in the equation is w? (more on this later).

Simple harmonic motion is a PERIODIC motion. The oscillations are repeated, 2
The ANGULAR FREQUENCY, w, of the oscillations depends on the period. w = 2af = T

Look again at the pendulum animation and watch the acceleration vector over one cycle.

The acceleration is CHANGING. The above equation also shows a changing acceleration

. dy . .
since ——=- is proportional to y.
ae prop Y

acceleration / m s2

Where is the acceleration the largest? At the extreme positions, at either ‘end’ of the swing.
Where is the acceleration zero? At the central, rest, position.

The maximum displacement, the maximum size of y, is called the AMPLITUDE and y/m

is denoted by the letter A. (Some texts use 'a’' for the amplitude.)

Notice that the acceleration varies in size between 0 and Aw? (see graph opposite)
i passing through each value twice in one complete cycle, EXCEPT the extremes.
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Solutions for the SHM equation

. . . . . o?
To obtain equations for the velocity and displacement we need to solve the SHM equation oy . w?y.

dt?
The solution to this differential equation requires some function whose second derivative is the negative of the function

itself times a constant. We know from calculus that the sine and the cosine functions have this property.

This provides two common solutions. Their difference is due to their displacement at the start (the initial conditions).

displacement y = Acoswt | with y=A at t=0 y = Asinwt | with y=0 at t=0
equations
. . dy _ d(Acoswi) dy _ d(Asinwt)
Differentiate G gt - dt
%{ = - Awsinwt % = Aw coswt
. . . y 2 5% .
=2 =. -2 = .A
Differentiate again dé Aw?coswt pr w?sinwt
substituting :—2’ = - w?y| (since y =Acoswt) Z—Z = - wly| (sincey =Asinwt)
Velocity v di d
Y =y=- i Y -y = Awcoswt
at v Aw sinwt Jt
v = A2w?sinwt  and y? = A?cos’wt v? = A%w?cos’wt and y? = A?sin’wt
: _ v Vo ¥ v
sin2wt + cos?wt = 1 AZ_w2+F_1 F+m_1
V2 = wiA?-y?) V2 = WAAZ-y?)

equations

<= D
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SHM equations and solutions - example

A mass is placed on the end of a spring. The mass is pulled down and released. A
motion sensor is placed on the floor below the mass and a graph of displacement
against time is displayed by a computer.

displacement /m
a) The mass executes simple harmonic

motion, SHM. State a definition of SHM A
in terms of the acceleration of the mass.

o

The acceleration is proportional to the time /s

displacement and acts in the opposite direction. .4
P’y
dt

b) Mark the amplitude, A, and the period, T,

on the graph. wA.
-
c) State and explain the position(s) of the 0 motion sensor
maximum size of
(i) the velocity of the mass
(ii) the acceleration of the mass.

= -wy

velocity /m s

time /s

(i) v = %wy/A?-y?is amaximum wheny=0, Recall from the solutions of the SHM equation that if:

acceleration /m s2

that is at the rest position. ::: r:::::::::x::’:m'" and
(i) a=-w?is amaximum when y is a maximum, wh the a-t graph is a sine function.

aty =% A, the extreme top and bottom positions.

d) Sketch the corresponding graphs for 0 time /s
velocity-time and acceleration-time of the mass.

See graphs.
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Investigating the period of oscillation

The equation for the period of oscillation of an object moving with SHM can be derived from a consideration of the restoring force (F).
Applying F = ma to find the acceleration a and equating this to the SHM equation a = - w?y results in an expression for w2
The period (T) is found using T = 2_1 Hence the equation for the period of a system exhibiting SHM is often in the form T=2n ‘\‘( ) .

—o [T = =
| T=2rL T=2z[m o T=2z[€ -
Lo Vo Vk i T=2q[h
! This equation assumes 6 o . h Vg
I I m where k is the where e is the
is small. spring constant  extension due to m.
m |
" “
Simple pendulum. A point mass on amassless  Mass on spring. The spring is assumed massless.  Floating cylinder.
unstretchable string
L e h

0 T? 0 T? 0 T?
The graph of L against T2 is a straight line  The graph of m against T2is a straight line g
L
through the origin. (T2 « L) [ Ti= ‘“’5] through the origin. (T2 « m) The gradient of this graph is wT

The gradient of this graph is g9 The gradient of the e against T2 graph is and can be used to obtain g.

. an? g )
and can be used to obtain g. and can be used to obtain g.
<= o = )




